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IL. On the Potential of Ellipsoidal Bodies, and the Figures of Equilibrium of
Rotating Liquid Masses.

By J. H. Jeaxs, M.A., F.R.S.

Received May 29,—Read June 25, 1914.

By an ellipsoidal body is meant, in the present paper, any homogeneous body which
can be arrived at by continuous distortion of an ellipsoid. If f, = 0 is the equation
of the ellipsoid from which we start, and e is a parameter, the distortion of the
ellipsoid may be supposed to proceed by e increasing from the value ¢ = 0 upwards,
and the final figure may be taken to be

Jotefitéfo+éifs+ ... =0

For very small distortions the first two terms will adequately represent the
distorted figure, and as we pass to higher orders the remaining terms will enter
successively.

The potential problem, to some extent interesting in itself, derives its chief
importance from its application to the determination of the possible figures of
equilibrium of a rotating mass of liquid. PoINCARE,* using his ingenious method
of double layers, has shown how the potential of an ellipsoidal body can be carried
as far as the second-order terms when the distortion is small, but gives no indication
of how it is possible to carry it further, and indeed his method is one which hardly
seems susceptible of being developed further than he himself has developed it.
It is clear, however, that progress with the problem of rotating liquids can only
be made when a method is available for writing down the potential of an ellipsoidal
body distorted as far as we please. I believe the method explained in the present
paper will be found capable of giving the potential of a body distorted to any
extent, although (for reasons which will be explained later) I have not in the
present paper carried the calculations further than second-order terms.

The theory of figures of equilibrium of rotating masses of liquid is at present
in an unsatisfactory state. It has been shown by Lord KrrLvin that the Jacobian
ellipsoid is stable at the point at which it coalesces with the Maclaurin spheroid,
and 1t has been .shown by PoINCARE to remain stable up to the point at which

* ¢« Sur la Stabilité de I'Equilibre des Figures Pyriformes affectées par une Masse Fluide en Rotation,”
¢ Phil. Trans.,” A, vol. 198, p. 333.

(524.) E 2 [Published February 2, 1915.
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28 MR. J. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAL BODIES, AND

the series of Jacobian ellipsoids coalesces with the Poincaré series of pear-shaped
figures. After this point the series of Jacobian ellipsoids must, in accordance with
PoiNncar®’s doctrine of exchange of stabilities at a point of bifurcation, lose its
stability, but the question of how it loses its stability is in a state of doubt.
Darwin believed he had proved the Poincaré series to be initially stable,® whereas
LiarouNorF{ has maintained that this series is initially unstable. The importance
of this question to theories of cosmogony is, of course, great, although perhaps
liable to be overrated. A caution of PoiNcArf’s] may be borne in mind:
“ Quelle que soit I'hypothése [stability or instability| que doive triompher un jour,
je tiens & mettre toute de suite en garde contre les conséquences cosmogoniques
qu'on pourrait en tirer. ILes masses de la nature ne sont pas homogénes, et si on
reconnaissait que les figures pyriformes sont instables, il pourrait néanmoins arriver
qu'une masse hétérogene fit susceptible de prendre une forme d’équilibre analogue
aux figures pyriformes, et qui serait stable. Le contraire pourrait d’ailleurs arriver
également.”

The present investigation was started primarily in the hope of setting this
question of stability at rest. I realised that to make a new series of computations
on the subject could be of little value, for whatever the result, there would have
been two opinions on the one side to one on the other. Moreover, DARWIN has
stated clearly that he does not think the divergence of opinion between
M. LiarouNorr and himself is one to be settled by new computations§: “I feel
a conviction that the source of our disagreement will be found in some matter of
principle.” I had hoped that it might be found possible to discuss the problem
by a purely algebraical method, involving neither laborious computations nor
intricate physical arguments, and that if such a discussion did not give a con-
vincing and satisfying answer to the question in hand, at least it might reveal the
source of disagreement between Darwin and Liapounorr. The result arrived at
is one which, as will readily be understood from its nature, is only put forward
with the utmost diffidence, but it is one from which I can find absolutely no escape.
It is that underlying the whole question there is a complication, unsuspected equally
by Porxcark, DarwiN, and (in so far as I can read his writings) LIAPOUNOFF,
which renders nugatory the work of all these investigators on the stability of the
pear-shaped figure. If my method is sound, it appears, as will be explained later,
that it is impossible to draw any inference as to the stability of the pear from
computations carried only as far as the second order of small quantities. The

* «The Stability of the Pear-shaped Figure of Equilibrium of a Rotating Mass of Liquid,” ¢ Phil.
Trans.,” 200 A (1902), p. 251; also papers in ¢ Phil. Trans.,” 208 A (1908), p. 1, and ¢ Proc. Roy. Soc.,
82 A (1909), p. 188, all combined in one paper in ¢ Coll. Scientific Papers,” vol. 3, p. 317.

 “Sur un Probléme de Tchebychef,” ¢ Mémoires de I’Academie de St. Pétersbourg,” xvii., 3 (1905).

1 Loc. eit., p. 335.

§ ¢ Coll. Scientific Papers,’ 3, p. 392.
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THE FIGURES OF EQUILIBRIUM OF ROTATING LIQUID MASSES. 29

materials for an answer to the question are to be found only through the third-
order terms.* Tortunately the method of the present paper admits of extension
to the computation of third-order terms, and so it ought to, and I hope will be quite
feasible to decide as to the stability or instability of the pear, a question reserved
for a subsequent paper.

The reader who is interested in the main conclusions of the paper rather than
in details of theory, method, or calculations, may care to pass directly to § 85.

GENERAL THEORY oF PoTENTIAL OF ELLIPSOIDAL BODIES.

2. We proceed to develop a method for writing down the potentials of certain
homogeneous solids ; 1n particular of ellipsoids and distorted ellipsoids. We are for
the present concerned solely with potential-theory—the discussion of rotating liquids
does not enter before § 19.

~As will soon be evident, the problem in potential theory amounts to the following :
to write the equation of the boundary of a homogeneous solid in such a form
F (z, y, z) = 0, that the potential at the boundary is of the form F’ (, y, z) = 0, where
F’ (@, y, z) is a function containing the same algebraic terms as F (x, 9, z), but having
in general different coefficients. If this can be done, it only remains to equate
F (@, y, 2)+ 30 (@*+y°) to F (2, y, 2), and we have at once, on equating coefficients,
a series of equations which will determine the possible figures of equilibrium for a liquid
mass rotating with angular velocity w.

3. Let F(x, y, z) = 0 be the boundary of any homogeneous solid of density p.
Assuming it to be possible,T let V, be a function of position satisfying V*V, = —4mp
at all points of space and coinciding with the potential of the solid at all points inside
the solid, and let V| similarly be a function of position satisfying V?V, = 0 at all points
of space, except possibly the origin or other infinitesimal region inside the solid, and
coinciding with the potential of the solid at all points outside the solid.

Then V, must be equal to V, at the boundary of the solid, and we must also have

dvy_ dV, at the boundary, where 4 denotes differentiation along the normal to the
dn  dn dn
surface.

* Since writing this paper, I have been surprised to find that this conclusion is quite clearly implied
in a paper which I published in 1902, “On the Equilibrium of Rotating Liquid Cylinders,” ¢Phil.
Trans.,” A, 200, p. 67. See below, § 36.

T I have not examined in any detail the conditions that this may be possible, because the result of
the paper proves that it is possible in the cases which are of importance. Similarly I have not examined
in detail the difficulties which might arise at the origin or at infinity, because in the final result they
do not arise. We are searching for, and ultimately find, a certain solution of the potential equations,
and after the solution has been obtained it is easy to verify directly that it really is a solution, and
that it involves no complications either at infinity or at the centre of the solid.
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30 MR. J. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAL BODIES, AND

Introduce a new function W, defined by -

W=V,~V,. . . . . . ... ..
at all points of space, then we must have
V2W=—47rp......;....(2)
v -
at all points of space, and, at the boundary, W = 0 and %XV— = 0.
dn

These last two conditions are equivalent to

AW _dW _dW _ ;
olx—dy“dz”"o" R €

at the boundary, together with one further condition. Equations (3) require that W
shall have a constant value all over the boundary; the further condition is that this
constant value shall be zero. .

4. Let F (x, 3, 2z, \) = 0 be the equation of a family of surfaces obtained by varying
the parameter A, and such that the boundary of the solid is the surface X = 0. The
surfaces of this family will divide up the solid into a series of thin shells. There will -
be a contribution from each shell to V; and also to V,. Thus W may be regarded as
the sum of a number of contributions, one from each shell.

Let the thicknesses of the separate thin shells be determined by small increments
in A, say d\, d\,, ..., starting from the boundary A = 0. Then we may write

Vi=V(d)+Vi(dn)+ ..., . . . o oo (4)

where V,(d\,) represents the contribution to V; from the shell dx;, and so on.

Similarly
Vo= Vold\)+Vo(dr)+ oo o o o o o . . . (B)

Suppose that V;, Vi, and W are being evaluated at a point &/, 3/, 2/ on the shell dx,
at which the value of X is\. Then if d), is any shell inside the shell dx,, the contribu-
tions to V,; and V, from the shell dx, will be the same; we have V,(dx,) = V,(dx,).
Hence from equations (1), (4), and (5),

W=V= Vo= {Vi(d\) = Vo(dn)} +{Vi(dha) = Voldho)} + o+ {Vildh) = Vo (dN)}, (6)

or expressed as an integral,
AN

W=j & (2, o, 2, \) d e e (7)

0

5. This form for W satisfies automatically the last of the conditions of § 3, namely,
that W shall vanish at the boundary. We proceed to determine @ so as to satisfy the
remaining conditions which are expressed by equations (2) and (3).


http://rsta.royalsocietypublishing.org/

/an
A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE FIGURES OF EQUILIBRIUM OF ROTATING LIQUID MASSES. ) 31

Let ;—xbe used to denote geometrical differentiation with respect to x—.e., differen-

tiation in space keeping y and z constant—and let % be used to denote algebraic
. C

differentiation, 4.e., partial differentiation with respect tox keeping y, z, and X constant.

Then
d 0 dx O

(le.,l_? = 55-{- ‘('i—w‘ —55\-, &C., e e e e e e e e (8)

and we have
AW _aW I\ aW
da’ — ox'  dx 1oV
_OW dX

~”a—m;'+d—x,<l>(ac’,y’,z’,7\’). I )

If the point «/, 7/, 2’ is on the boundary we have A’ = 0; so that from equation (7),
oW

= O and it appears that equations (3) will all be satisfied if

o, y,Z,N)=0, . . . . . . . . . (10)

at all points on the boundary N = 0.
We notice from a comparison of equations (6) and (7) that

d (ﬂ’},, ?/, Z’, >\l) d’\s = Vz (Ob\s)"vo (dhs)a

and the right hand of course vanishes when o/, ¢/, 2/ i1s on the shell dx,, Thus we
must have, at all points,

&y, 2,\)Y=0 . . . . . . . . . (11)

identically, provided that )’ has the value appropriate to the point «’, 3/, 2/. This
condition of course imposes more restriction on the value of ® than does equation (10).
Equation (10) was adequate to ensure that the boundary condition (3) should be
satisfied, but the remark just made shows that for (3) and (2) both to be satisfied—
i.e., for W to give the true value of V,—V,, equation (11) must necessarily be
satisfied. We shall now assume that equation (11) is satisfied, and proceed to satisfy
the remaining condition expressed by equation (2), namely, '

VW = —dmp. . . . . . . ... (12)
In virtue of equation (11), equation (9) reduces to

dW _ oW

da’ — ox'’
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32 MR. J. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAL BODIES, AND

whence on further differentiation (. equation (8)),

EW 82W AN EW  EW AN D .,
da? da! oNOx . ox? + 5 dod o N (:1:, Y, 7, N ),
so that equation (12) becomes

d*W  d*W  d*W
da’? + dy”? + dz?

—d7p =

No? 02 0% A\
:J(,(é’o?“a i+ ) (0 N AR Sa o AN L (19)

From equations (8) and (11),

N’ -§—®($’, y,Z,N) =0,

0
(I)(w ?/:z >\/)+ da oN

o

so that equation (18) may be written in either of the equivalent forms :

B _ ) d7\,>2 <d_>\/>2 <(’ZK/>2} o’
47rp_qu)d>\ {(dw +ay ) (s (14)
aq)/ 2 /acb/>2 a(pl 2
— 4 =rv2<bdx ) oy (aZ’> (15)
[ . @@i
o\’

2 2
in which V? stands for ——; d + aa aa 7

F ® for ® (o, o, 2, A)and(I)’forfI)(m v, 2N

Thus if @ satisfies either equation (14) or (15), and also equation (11), then W, as
given by equation (7), satisfies all the conditions which have been seen to be necessary,
and will therefore give the true value of V,—V,.*

* Suppose there are, if possible, two solutions to the same problem, say ® = ®; and & = $,.  Since
W is determined when the problem is fixed, we must have

v N N
W = ( By AN = ( By,
Jo - Jo

so that
ox

.
L (@-@)ar =0, or B =+ X

Where ’ 7 ’ ’ 7 ’ .
x @, y,d, Ny-x@&,y,2,00)=0. . . . . . . . . .. (@)

for all values of 2/, 4/, 2. Thus, if x is such as to satisfy (i) we may add a term g—% to @ and still

obtain a solution of the same problem. A special case in which (i) is satisfied is when
X @y, 7, N) =&y, 2 M) (g (V) =¥ (0)}

where f is any function which vanishes identically for the value of A" appropriate to the point &/, ¥/, #/,
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6. As a matter of convenience, involving neither loss nor gain of generality, we
shall write

D(x, g, 2, \) = NSy, 2N, . . . . . . . (16)

in which v () is any function of A, and f(z, 7, 2, A) a quite'general function of x, v, z,
and X. Then, from equation (11), we must have

S, y,z,)y=0. . . . . . . . . . (17)

identically at all points, when X\ has the value appropriate to the point @, , z. We
accordingly have ‘

2D oOf 0D of
Loy, Loy ke,

so that equations (14) and (15) reduce to

_47,):]” ) 2fd>\—x/f(A’){<g;/>2+<%>2+< i)}a—f .. (18)

oN
UL (AL ()
—47rp=JU\/,(A)v3fdx—x/,(>\’)‘ax> SZ”_’) <az’. L (19)
o\

Moreover the family of surfaces (A = cons.) may now be supposed to be determined
by equation (17), and the boundary will be given by

S, y,200=0 . . . . . . . . . . (20

Thus, to sum up, if' /" and + are such that either equation (18) or (19) is satisfied,
then the potential of the homogeneous solid of density p whose boundary is
determined by equation (20), will be given by

Ve Vo= W= [y s g an dn . L (2

the value of W being evaluated at the point a/, ¢/, 2/, and X’ being determined from
the equation f(«/, o/, 2, ') = 0.

7. The boundary A = 0 is of course fixed by the solid whose potential is required,
but we are left with a certain amount of choice as to the disposition of the surfaces

. I A
and ¢ is any function of A whatever. Replacing ¢ ()') —¢ (0) by J % (A) d\, we find that if ® is a
solution then ° '

) N
o+ aT{fL u(/\)d)»}
will also be a solution of the same problem,
VOL. CCXV.—A, r
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34 MR. J. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAL BODIES, AND

A = cons. We shall now limit this amount of freedom by assuming that the region
at infinity is made to coincide with the surface A = + o,
Consider a new function V’; defined at any point of space ', ¥/, Z, by

'V’i=rgb(k)f(ac’,y’,z',K)dx. Coe e e (22)
0 .
then )
vzv',:j W (\) VEF da
0

=——:47rp+{:\//( )(Cb‘/fgﬂ C (29

by equation (18). Hence, if (as will be the case in all our applications) the value
of the limit when \' = oo of the term in square brackets is zero, we shall have

VIV, = —dmp e (24)

At infinity V, must vanish, so that at infinity, by equation (21),

V=W = rxp NS (2, o, 27, \)dh =V,
0

Thus V’; — V, vanishes at infinity, and satisfies V? (V/; — V,) = 0 at all points of
space ; whence (except for a possible singularity at the origin, which will be found
not to cause trouble) we must have V/; = V, so that V’;is the internal potential.
Knowing V,; and W we find V, immediately by equation (1), and have

Vi = jw\lb (A)Jv(x’) [ /; Z/a >\) Ao (25)
Vo= [ OFA@ SN L (26)

To 1ecap1’oula‘oe the condition that these equations shall give the true values of the
potential are

(1) that V, shall be finite at the origin,

'(ii) that v (\) <z%)z g{ shall vanish at infinity.

If these conditions are satisfied, as they will be without trouble in all our
applications, then equations (25) and (26) will give the potentials.

8. If f (=, v, z, 0) is the equation of the boundary, the potential at the boundary
will be

wafmwmmnm

and therefore will contain exactly the same terms In 2, y, z as the equation of the
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boundary, but with different coefficients. The method is therefore exactly suited for
the determination of figures of equilibrium of rotating fluid (¢f. § 2).

As a method of determining potentials, the procedure is indirect in the sense that
we cannot pass by any direct series of processes from the equation of the boundary of
the solid, as expressed by equation (20), to the general function f (z, y, z, X). We
must first search for solutions of equations (18) or (19), and then examine what
problem is solved. ‘

An obvious case to examine first is that in which f is an algebraic function of the
second degree. In this case V?fis a function of X only, so that the equation for f can
be satisfied if the last term in equation (18) or (19) is a function of A only.

ExampPLEs OoF GENERAL THEORY.

1. 4 Sphere.

9. A quite trivial example may perhaps be taken first, namely that of the sphere
x?+y’+722 = o®. It is seen without trouble that any way of forming the function
f(x, 4, z, \) will lead to a solution, provided that this function involves «, y, z only
through a?+y°+2%,—a.e., provided the surfaces are taken to be concentric spheres.
For instance, we may take

Sz, 9, 2, \) = 2+ +2—(A—a),

then equation (18) reduces to

~amp = 69 () 42 (V=) V),

3
of which the solution is found to be vy (A) = %.
The potentials are now given by
27 par® NP, M M,
V.= j()\ ){x+y+z (\—a)} dn = ” (o a?)

j Zpct” AP+ + = (A= a)}dk-—M

(A—a)' "’

where M is written for 4mpa?, and * = 2+ 42 +2* = (A —a)>.

II. An Ellipsod.

10. It is readily seen that a solution of equation (19) can be obtained by taking

2 2

y N
Sl g, 20 = a+7\+bz+7\+02+>\ (27)

F 2
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36 MR. J. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAL BODIES, AND

The equation reduces to

o 2 2
—dmp = L ¥ (\) {qzﬂ Tt }dx +a-(N), .o (28)

of which the solution is readily found to be

w-pa?)c

v ()= - {(@ X)) (P +N) (PHA) T

(29)

These values are found to satisfy the conditions of §7, so that the potentials are
given by

Vv b ’ 1 [t Y A d
i= T CL {(@®+X) (0 +2) (E+2) 1 (cﬁ+>\ TEATER T > »
- 1 . mg y2 ’22 >
V,=— b j - B ‘ s -1 '
Yy mRADC N {‘(662-{‘}\) (b2+2\) <02+7\)}l9<ad+}\+b2+7\+02+x dx

IIT. A4 Diustorted Ellipsoid.

11. For an ellipsoid distorted in any way, and without any limitation (at present)
as to the distortion being small, assume

® (2, y, 2 N) =y (\) (f+9)

where - (\) and f have the same meanings as before, being given by equations (27) and
(29), and ¢ is any general function of z, y, z, and \. The boundary of the distorted
ellipsoid 1s of course

2 2

R 1+qsA )= 0.
Equation (19) becomes
dg <2?/ J¢ < 8¢>
R O (L O T g
_ ]2 z 2} o <A 8%) B 8y> C oz
47’7’“[ ()1A+B VS‘I) Ob‘“}“/(}‘) +z—_—* @_‘Z’ s

ATt E

in which «/, ¢/, 2, X" have been replaced by =z, y, z, X now that there is no danger of
confusion, and A, B, C are written for & 4+ X, 0* + X\, ¢ + . If we further put

@

2 2
+y_ Z::_' af w’

AT BRTOTTa
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the equation becomes
7 . 2
—47rp<m' _?..?> = <w2 — —gf>§ \P (7\) {z + % + = (J + Vz(j)} dx

+ v (\) {m + 4222% 2(23\}

But from equation (28) |
_ _ 9 d¢" [* {2 2 < 0
47rp<‘a)‘ _> = <m OX)J v (\) itpt O];dx + 4 EX)xp(x),

so that on subtraction we find as the equation to be satisfied by ¢,

{

<w —_~>\y ) Vg N + v (3) {42 a¢+4a¢’+z<g¢)} 0.. . (30)

The equation i too complicated to be attacked directly, but can be effectively
broken up by assuming a solution

¢ =u+ fo,

in which v and » are general functions of x, ¥, z and X\, while f is giveh by
equation (27). On substituting this value for ¢, equation (30) reduces, after
considerable simplification, to

@u%{)ﬁwmww +f0)dx
+¢(A){4(1+v) [<2zg“ a“) +f< xa” g;ﬂ

' 0¢’ ou . 0v\?
2 — JEE— — povenneg
+4<w ax)”+2<am+fax>} 0,

and this will be satisfied if we satisfy separately the equations
2N
j W)Vt o) day (o =0, . . . . . . (31)

4(1+v)[< X?u %1—;>+f<2—§%+g;>}+2<ax+f >=0‘ .. (32)

On substituting for f and v, and writing ABC = A% equation (31) becomes

w_ Mo 2 4 <1 1\}d7\
N jO{Vu+fV@+ Aa+2 A B+C/

ez g )5 -Lralz)o

_4v  [4v\ "il_azf
A <X>)\-=0 j 3

in which
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Thus equation (31) is equivalent to

[ {V"u+fV%+4( ig; + 8@)}% =

47?

X (83)

A=0

This must be satisfied for all values of X, so that we must have (as is clear on
putting A = 0 in the equation) v = 0 when X\ = 0.
It will be remembered that the boundary of the distorted figure is given by

2 2

2
LS lth =0,
and it is now clear that ¢,_, reduces to u, _,. Thus the generality of the boundary
must be involved in the generality of u, and provided w is kept general, we shall
obtain a general solution of the problem, even if we take the simplest possible value
for v. The most general way of satisfying equation (33) is to take

Ve 4 fV2fv+4<Z wov a”) (34)

z X
A oz o

where x may be any function of x, y, z, and X which vanishes for A or 0, but the
simplest way of satisfying the equation is to take

T a'v 81;>
8>\

Vu-!—fV%—(—él\Z 0. . . . . . . . (35

In each of these equations the sign of identity (=) is used in place of the sign
of equality, because in the integrand of equation (38) the value of A is not the same
as the value of X in the upper limit of the integral, which is determined by the values
of x, ¥, 2

12. To shorten the algebra we may change to a new set of variables X\, & », {
connected with the old variables A, @, y, z by the relations

= =X =Y =2,
7\ - 7\, S .A_; " Bs § C
leferentlatmn with respect to the new variable X is given by
0 0 L 0x 0
-a_xnew_ é—;\ old = ﬁ ox
. 4 ox . &
where, since z = (a®+)\) & we have == = £ =, and so
OX A
) 0 “z 0
5new-é—;\01d+ZAax. e e e e e e (36)
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2 2 2
The old symbol V2 has been taken to mean <—E-)~ + 8_ + 8_)> , which in the
amz ayd aZ" A = cons.
new variables becomes ‘
10 10 18

g B T

and this will be denoted by V.
Equations (82) and (35) in the new co-ordinates, reduce to

0 0
4(1+v)(u+f ) Az(a$+f ”> 0, . . . . . (37
v - v _ |
W +jV fﬂC/U+4 5—-}; = 0. ce e e e e e (38)

We are assuming that f+¢ = 0 when X has the value appropriate to the values of
& n, ¢ so that in the first equation fmay be replaced by — ¢, but in the second
equation this may not be done.

18. Tt is convenient, for the purposes of the present paper, to suppose the distortion
to start from the undistorted ellipsoid, and to proceed in powers of a parameter e.
Thus we assume

U = Uy + Uy +eus+ ...,

v = ev,+ e, + e+ ...,

and in the equation (37) since f+ (u+fv) = 0, it is clear that, when eissmall, /' will be
a small quantity of the smallness of e.  As far as ¢, equation (37) reduces to O(—qu}:‘ =0,

giving 1. Equation (88) then gives v,; equation (87) taken as far as ¢* will then
give u,, and (38) will give v,; (87) taken as far as ¢ will give u; (38) will give v,
and so on.

As far as e only, equation (87) reduces to o _ 0, of which the solution is

o\
u, = x (& », {) where y is the most general function of ¢ 4, and {. At the boundary

¢ reduces to (), -, or toy (;r g2

e c;), so that the generality of the function x enables
us to deal with the most general small displacement possible.

At present we shall consider only solutions for which y is algebraic and of degree
not greater than 3 1in £ », { For these solutions equation (38) shows that v, will
be of degree not greater than 1 in g », {, so that V', = 0, and the equation reduces
to.

(/ Uy

da = — Vi, =

S (1 8‘ 1 0% 1 82)

Azag Bza z+—62§§7z
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or '
D) 2 (- 2 (-2 (
4o A= +KB bz?‘2+\C )86[1,. Coe (3.))'
since » must vanish when A = 0.
Remembering that %u‘ = 0, and that f =—eu,+..., the terms in ¢’ in (37) now
give
Oy o, & 1 8@/1>
faa T TR <“_
_ s L 0? Puy <o~ul>2]
1
= - %2’ A2 éogz (ulz)a
giving on integration
LR L1
4y, = —% JO <XZ 8?“’ + ]—'(:f -, M@)ufd?\ + o (é’, 7, §) R (40)

in which e is again the most general function possible of & 4, ¢ (enabling us to carry on
the distortion to the second order in any way we please), and the lower limit of the
integral is taken to be zero simply as a matter of convenience.

The addition of a perfectly general function » would be equivalent to the superposition
of a perfectly general distortion (proportional to ¢?) on to the distortion already under
consideration. The real object of the present analysis is to be found in its ultimate
application to the problem of the rotating fluid, and to solve this problem, it will be
found that o need contain no terms of degree higher than 4 in g », ¢, this being also
the degree of the other terms in #,. Hence in what follows it will be supposed that
u, contains no terms of degree higher than 4 in ¢ », .

A value of v, is obtainable from equation (38), but there are, as has been seen, many
possible forms for v,, and the most convenient is, in point of fact, obtained by going
back to equation (34), which in «, y, z co-ordinates is

s (41

Q)l D
> =

. . x o, 8"0>
V2, + £ V2, y L0 ) =
uy+ f LH+4<2A896+ N A

where y may be any function of x, y, z, and A which vanishes (to the power of e we are
now concerned with) both for A and 0.
Let two new functions w and ' be intreduced, defined by

4<8w+ Z_j;f}w)z_v?uﬁ, L (42)

ow  «x ow 1o
— e I V=LV, ., . ., . .. (43
4 <8>\ > A ox > 2V - (43)
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Clearly since wu, is of degree 4 in x, ¥, z, w will be of degree 2, so that «' will be

A% in equation (43) is therefore zero in the

present instance, but is inserted to maintain symmetry. We now have

0 x 0 )
4-<a->:+2 K%>(w+ﬂo)

[0 mi 0 x 0
= 4w <a>\+2 >f+4< “Aa >w+4f<5i+zﬂaw>w

/2
= 4w'w® — Vi, —% fVw,

a function of X\ only. The term =

so that after simplification,

Veuy+f V2 (w+ fu') +4< o

8>\

)(w+fw)

= fVw + W fVf + dw'w?,
is)
87\

ot
Since f vanishes for the appropriate value of A, ']—cg)— will vanish for both A and 0

f /

provided «/ is made to vanish when A = 0. Thus ——Aw— will satisfy the condition to be

satisfied by x in equation (41), and a solution of this equation will be
 wy=whfl L (44)

Since v, must vanish when X = 0 (§ 11) it appears that both w and %' must vanish
separately when X\ = 0. On transforming (41) and (42) to & 5, ¢ co-ordinates
(¢f- equation (36)) and mtegratmg, we obtain as the values of w a,nd w’ which vanish
when A = 0,

A A
w = —-%j‘o Ve Us 0N ; w = —»};L Viewdh. . . . . . (45)

14. Let us introduce a differential operator D, defined by

/1 1 /1 1V /1 1\
_<&3“K>8_§’+<?——B—>E?+<55_6>5§—2’ ..« . . (46)
noticing that, as a function of A, D is purely a multiplier. We have
oD 1 2
A o = V>

and when A = 0, D = 0.
VOL. COXV.—A. e}
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The value of v, already obtained (equation (89)) is

v, =—=3Du,. . . . o (47)
and the value of u, (equation (40)) is
1 1 * o 2
uy = $o (& n, f)—-gJ-O o Du® dx
=to(gn O)—-tDu’ . . . . . . . . . . . (48)
Hence from equations (45)
A
w = “%jovzfﬂfzw dk»

)\a .
= 4] Dot D) i,
= —%Do+d&D%l® . . . . . . . . . . . (49)

A
w = — %J V2 W dX
0

A

- %j 'a‘"l“) (— 7% Do+ D?,?) dx
o OX

= ghs D’o—rilze D’ w

15. This completes the solution as far as the second order of small quantities. We
shall not attempt to evaluate u; and v, as the problems discussed in the present paper
require a solution as far as ¢’ only. '

As far as ¢, the value of ¢ has been seen to be given by

¢ = utfo = e(u+fv)+& (o tfw+f) . . . . . . (50)

and the potentials can now be found directly from the formula (§11)
A
W = joxb(x) (f+¢)dn.

As in §7, examine a function V’; defined by

Vi= [ v ) (),

then .
V*"V’,.:L\b(x){vzf+v2(u+fv)}d>\.. N (30

o0

Now the value of J v () V3Fda is by § 10, equal to —4mp, while from equation (31)

0
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we have

[ ¥ OV )= —a ()0,

Inspection of the values obtained shows that the limit of 4+(\)v when A\ = o ig zero,
so that equation (51) reduces to V?V/; = —4mp, and since V’; is equal to the true
value of V, at infinity, and is finite at the origin, V’; must be the true value of the
internal potential. Thus the potentials are given by,

'v,.=j:.,m)[f+e(u1+fvl)+ez.(u2+fw+ wldn . . . . (52)

VO:J:O\P(A)[f-ye(ul+fvl)+e2(u2+fw+f2w')]d?\ N (i)

in which all the quantities must be transformed into «, y, z co-ordinates before
integration.
When A = 0, u, reduces to %o (& », {) by equation (40),

T Y % . _ — (% Y z
or to i‘w <6.;2, 329 (‘;é> Whlle Uy =X (g’ 7, §) =X (672’ Z;é’ g&)’

also v, w and ' all vanish when A = 0, so that (¢f: equation (50))

‘c Yy 2 x Y 2z
¢,\=0 = ex<0—ﬁ, %2) C_2> + 7}‘;62(0 <(’;7 %/‘27 (’;2>
and the boundary of the distorted ellipsoid is

x2 y2 Z2 @ y A x y VA
6?+—+C—2—1+8X<&‘2:§’52 +4€0 CF,F,EQ =0 . . . . (54)

16. Before proceeding further it will be convenient to examine in detail the
first order solutions which can be obtained from the foregoing analysis, classifying
them according to the degree n of the algebraic function u,, and, for brevity, omitting
the continual multiplier e.

n=0. Solution is u, = «, v, =0, =
n =1 Solution is u; = p&+qy+7¢, v =0, ¢ =By

=2 u =af’+ By +y{+2/n{+298¢+2hén,

A
v= [ Vi dn = —p (o A )

2

G 2
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A physical interpretation of these first few solutions can readily be found. For
the undisturbed ellipsoid of axes ka, kb, ke, and origin at x,, ¥, 2,

d = _A]Zl];“lgéllg<(m:&wo)2+(y B?/o) (z— zo) > C (55)

and the special ellipsoid which has been under consideration has been that for
which #,=9,=2,=0,%k=1. We can change the centre and axes of the ellipsoid
contemplated in equation (55) by varying x,, 4, 2, @ 0% ¢% and k. If we change
abe

A]’;ZPBIIZCII;? 3]62
so that /' may be regarded as replaced by f+¢ where ¢ = — k. Thus the solution
n =0 represents a change from %* to A*—«; physically it represents a change in
the scale of the ellipsoid.

Similarly, if in equation (55) =z, is changed by d,, ¥, by dy,, and 2, by dz, we find

¥ by an amount Jk* in equation (55), the change in @ is given by d =

that d® = —2v, (\) <§g%m + 8%?/ + %‘E>, so that

_ _ofdxx  dyy 3_?@)
$= 2<A+B+O’

and the solution 7 = 1 is seen to represent a motion of the centre of the ellipsoid.
Similarly, if we put x, =%, =2,=0 and k=1 in equation (55) so that ® = yf,
and differentiate logarithmically with respect to a?, we obtain

1od_,1 ,1 1 &
vwfoa~ @ PA T faP+a)
whence 4
A
»=(i M-

Clearly, then, the first three terms in the solution 7 = 2 represent a distortion of
the original ellipsoid produced by a change in the lengths of the axes, and it is
easily seen that the complete solution represents a change of this kind combined
with a small rotation of the axes.

n=38. There are ten terms in the general cubic function of & », { For the
present purpose it is convenient to regard this general cubic function as made up
of a term e&nl, and the sum of three expressions such as

E(ag+Br'+v ).
For the solution given by u, = ¢&¢, we have VZ,u, = 0, so that v, = 0 and

xyz

¢ =e<ApC



http://rsta.royalsocietypublishing.org/

N

a
A
1~
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

YA

=0

'am \
P\

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE FIGURES OF EQUILIBRIUM OF ROTATING LIQUID MASSES. 45

It will be shown later that an ellipsoid distorted in this way cannot possibly be a
figure of equilibrium for a rotating fluid (§ 20).
For the solution

=¢(a+Bf+y®) . . . L (56)

_ 1 _ _ o[ 8o B 'y7\>
g 4va"fuld7‘ 5( oA T opB T oeC

we have

and the solution is
_x[ 2 Ly zj} < A ><3o¢7\ B ‘y?\>
¢_A{“A2+BB2+VO2 R R Rl o R N G

It will be shown later that this distortion leads to the Darwin-Poincaré series
of pear-shaped figures of equilibrium of a rotating fluid.

n =4. The analysis of §§ 13, 14 was confined to the case in which u, was
supposed of degree not greater than 8 in & s, & But if, in the solution finally
obtained in §15, we take u, = 0, which involves taking also v, = 0, we are left with
a solution (¢f. equation (50)) '

¢ = & (uy+fw+f*w'),

in which u,, w, and @' do not vanish on account of the occurrence of the arbitrary
function w. And since » has been supposed of the fourth degree, this solution
gives us the solution of degree n = 4 to the first order, the parameter e’ replacing
the former e. Thus the solution of degree 4 is

u, = a general function of degree 4 in §& #, ¢ (the old e*,)

¢ = w+fwfw
= — % Duy 4+ f*Duy. .

This solution is not discussed in detail in the present paper, but is classified here
with the other solutions for the sake of completeness. An ellipsoid distorted in
accordance with this solution would give rise to a series of dumb-bell shaped figures,
which would be figures of equilibrium for a rotating liquid. They would be unstable
for a homogeneous mass, but the corresponding figures might conceivably be stable
for a heterogeneous mass (¢f. POINCARE'S remark quoted in §1 of the present paper).

17. One point of interest must be mentioned here in connection with the potentials
derived from these solutions.

In the potentials arising from the solution of degree n = 2, u, = a£? the internal
or boundary potential will be of the form [lx’+my’+n2®, where [, m, n do not
involve x, 9, z, or X. Since this must be a solution of LAPLACE'S equation, [+m+n
must vanish, and the potential must be expressible in the form m (y*—x?) + n (2*—a?).
All the other potentials may be similarly treated.
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Making use of this simplification, we arrive at the following scheme for the
contributions to the internal or boundary potentials of the various solutions up to
n=3. Ounly typical terms are taken ; ¢, represents the value of ¢ at the boundary,
V, represents the contribution from the typical term to the boundary or internal
potential. ’

n=0 4= Vb-_—_,cfwx.
n=1 H="2, Vbsxj:_“l%dx.
n=2 (i) ¢, = 52%2, V.=uwy J:A_EB .
@ w0
n=3 () ¢=22, V,=ap ffl‘%@ .
) p=2 V=[N {”213y2+ ey -1} .
L BRI T e

18. In any physical application of this method, and in particular in its appli-
cation to the discussion of rotating masses of liquid, it will be important to know
what changes are produced by the distortion upon the mass (or density), the
position of the centre of gravity, and the moments of inertia of the body. These
changes are given at once by a study of the limiting form of the external potential
at infinity. ' ,

The potential at infinity of any mass whatever, taken as far as terms of order ;‘1-3,

has the limiting form

%b + I (@ 4;'?;/0?/-% 27) + 2% (Lie® + My?+ N22+ 2Pyz + 2Qzx + 2Ray)

- —2—1T—3(L+M+N) .
where m is the mass of the whole body, x,, %, 2, are the co-ordinates of the centre of
gravity, and, L, M, N, P, Q, R, are products of inertia defined by Hj ptdxdydz = L,

j“ pyzdx dydz = P, &. The moment of inertia about the axis of z is J’U p (2 +97)
dxdy dz = L+M, and so on.
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For the solution ¢, =« of degree n = 0, the limit at infinity of the contribution
to the potential is ‘

Y

— r B szbc dr = — 27rpZ/bClc ‘.
A .

Y

showing that the distortion involves a change of mass M = —2mrpaber, accompanied
of course with a change in the inertia terms.

For the solution ¢, = 0—‘; of order n = 1,

* —apabe . a*x 1 2 M
iV, = xj TP AN = —Fwpabe T = —Fa? ==
® A AA 37Tp ,',,3 2 ,',.3 ?

so that this distortion represents a motion of the centre of gravity by an amount
Sy = —%a”. A _ |

Solutions of degree n = 2 will clearly involve changes in the moments and products
of inertia. The limiting potentials are found to be as follows:

. @ .
(i) ¢ = &‘2%2’ oV, = —&mpabe —;%,

o)

2 2
. x X . 1
11 = = o0V = —Z2apabc= — Z2mwpabc —.
(i) ¢, pri 5P P 3P >

The first solution does not involve a change in mass, whilst the second does; both
distortions affect the inertia.
For the solutions of degree n = 8, the limiting values are as follows :
. X 4
(i) ¢ = 'azbizzcz’ 3V, = ——é-vrpabc%%—%-

o

This distortion changes neither mass, centre of gravity, nor inertia.

2 2 i
.. xy . xy x
i = OV, = —Zmpabec “- —Zympabe —5—
( ) by a3b4’ ® TP 7 I57P b~7"3’
(i) ¢ =2 SV = — 2mpabe™ — 2apabe -2
111 qﬁb——-(;i) o — —FTPR C;.-—7'—"5"7Tp06 CW.

These two latter distortions move the centre of gravity, but do not affect the
mass or inertia. :

It is clear, without detailed examination, that the distortions represented by
solutions of degree n =4 cannot affect the centre of gravity, but may affect the
mass and inertia.
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Ficure oF EqQuiLiBrium oF RoraTiNg MAssEs.

The Jacobian Ellipsords.

19. The condition that a single figure shall be a figure of equilibrium for a
rotation » about the axis of z is that the centre of gravity shall lie on the axis
of z, and that V,+%1e® (2’+4°) shall have a constant value over the boundary x = 0.
In searching for a series of figures of equilibrium we must add a further condition

of constancy of mass.
For the undisturbed ellipsoid, with the notation of §10, V,+%” (2" + %)

o] (" mpabe 12l el " mpabe } 2{__ " wpabe } ‘
——w{ L A Ot }—u/{ L AR AN +5o’ ¢ +2 L o (58)

For this to be constant over the surface, it must be identical with

2
x< + ‘Zz + >
where x is a constant. If we put
o’ =n X =9
2w pabe ’ mpabc

the equations obtained by comparing coefficients are

“dxn 0
jOZX——’}’L—52> . . . . . . . . . . (59)
“dn 0
LE_”"U’" B (1))
"y _ 0,
LA_C‘“Cz (61)

Ellipsoids with Distortions of the Furst Order.

20. We proceed to consider which of the distorted ellipsoids can give rise to
possible figures of equilibrium.

The solutions of degrees 0, 1, 2 lead to nothing except new ellipsoids, so that the
inclusion of these distortions could only represent a step along the already known
series of Jacobian ellipsoids or Maclaurin spheroids.

Consider next an ellipsoid distorted by the addition of a solution of the type (i)

of degree 8 (§18), say ¢, = e—5r5  This distortion, as we have seen (§18), does

4b2 2,
not affect the total mass or the position of the centre of gravity. The boundary
of the distorted ellipsoid is
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while the additional term which has to be inserted on the right of equation (58) is

—e * wpabc
Yz L AABC™

Hence the additional equation which has to be satisfied, in addition to equations
(59) to (61), is

Todn 6
LAABC_O&%Q&. (62

Eliminating 6 from this equation and (61) we obtain, as an equation which must
be satisfied if the distorted ellipsoid is to be a figure of equilibrium,

j:ﬁ%(\l—(au;”;izzw\)):o“ JRIRERE (63)

This obviously cannot be satisfied, for the integrand is positive for all values
of \.. We conclude that the distortion now under consideration cannot possibly give
rise to a figure of equilibrium. v

21. There remain nine terms for consideration in the general cubic function.
Inspection will show, or it will soon become apparent as we proceed with the analysis,
that these fall into three groups, as in §16, and that the three terms of any one
group just suffice to give a possible figure of equilibrium when combined with a
term to restore the centre of gravity to its position on the axis of rotation. We
shall accordingly consider a distortion in which the cubic terms are those already
written down in equation (56). These terms are seen (§18) to move the centre
of gravity parallel to the axis of x, and to correct this we shall add a term (¢f. § 16),

% to u,.
Thus, for the distorted ellipsoid now under consideration, the boundary will be
oy 2P x® xy? xz? x
&‘24’%2'{‘ Eé—l+6<a$+,86'ﬁ—ybg§_+‘y%+xy>. e (64)

As far as terms in %5, the value of the potential at infinity is (¢f. §18)
- ,
—mpabee 8% w2 Bk 2 Yk g,

so that for the centre of gravity to remain at the origin we must have

3o ‘
K=—%<'—a—2+52+g§>. B (1))

VOL. CCXV.—A. H
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Collecting the terms in V, as calculated in §18, we find

— [Vi+3e® (2" +9")]
= w”{f WZ‘K)C dx—%wz} +y2{j.:71i0%)—c-dk——%w2} +z2J‘:18A%ZE~ dx
+e ;—;f@ {Sy;mz + 3z26 G —3}dx
+6;—Z2j:% {mg—gzg + ?/2]“;2 ~1} dN—exx E:% an. . . . . (66)

For brevity in printing, introduce the following notation. Let

2 da J DA
e == v e = Tapoee, -
J, axBe =T , AABC ... = e (67)
so that, for instance,
A = [Tuan
L=lak =l A
And, for the problem immediately in hand, write further
2 da
¢ = Iype = jo AABCY ¢z = Lyscs 3 = Lyas,
2
and as before put ———— = 5, then equation (66) becomes
27rp(lbc
— [Vt 40 )]
= mpabe [wg (Ja=n) +97 (Jg—n) + 2
+e 22107 (eyte)—3ylc,—32¢c,}
20
+e g‘gz {=a'ey+y" (8¢s+¢) =2}
+e %Z% {—=a?c,—y’c,+2° (8cy+ey)}
+e.’2? {’2’5‘2 IAA+2£621AB+’2LCZ IAC+KJA}:I' . . . (68)
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The distorted ellipsoid will be a possible figure of equilibrium, as far as the
first order of small quantities, provided the right-hand member of equation (68) is

identical with
beo| 4 Y% v g Y Z X (69
mpabed | Skt gl e G B by ot ) | (69)

Equating coefficients, we obtain

0 0 0
JA—% ='—OZ2, JB—’}’L =—b—2, JC—E27 (70)
o B8 v o
‘2_‘3 (C2+03) W)z03 Q‘C—z 02 = 9 _6’ (71)
3 . ¢
- 2—2:2 e+ 5’%—2(303+cl) —2%201 0 ’281)4, (72)
3
- 2—;202 -2'8—[)201+ 5 - (8¢y+¢) = 6073’54, (73)
3 ,
ZT:ZIAA'{“:Z—I%—QIAB +§%§IAC +ICJA=66%’ . . . . . . (74:)

and from these equations, together with equation (65), we must eliminate or obtain
the coefficients.
If we put

L=d, %=5g Y=y . . ... .. (19)

then equations (71) to (73) reduce to

20
a/ (02+03) —B,C3—')/,CZ == ?)(,—4 OL/, . . . . . . . . . (76)
’ / ’ 20 ,
o (—303)—}-6 (303+C]) —y61=—&2—b_2ﬁ, Ce e e e e (77)
/ / / 20 ’
o (_302)_’1801""’)/ (362""‘01) - (’:;‘2‘5‘2‘)/, . . . . . . . (78)

whilst on substitution for « from equation (65) and J, from (70), equation (74)

reduces to
$a* (3 Tn+ B Tap+y' Iae) = bna® (B’ +8'+v). . . . . . (79)

We have now to deal with four equations (76), (77), (78), and (79), and have
to examine whether, and how, these can be satisfied by values of o/, 8, and v/
Since there must, from general physical principles, be an equation of some sort for
points of bifurcation (whether capable of being satisfied by real values or not), we
are led to suspect that these four equations are not really independent.

H 2
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Equation (79) was obtained by the elimination of « from two equations (65) and
(74), each of which expressed in effect the condition that the centre of gravity
of the mass should be at the origin; in fact, equation (65) was only a short way
of arriving at the value of x, which would in any case have been given by equa-
tion (74). We therefore expect that equation (79), derived from (65) and (74),
will prove only to be an identity of which the truth is involved in the three other
equations (76) to (78). And, as a matter of procedure which is entirely at our
choice, we shall elect first to solve equations (76) to (78), and then to verify the
truth of (79).

The elimination of &/, 8/, ¥/ from equations (76), (77), and (78) gives a determinant
which on expansion reduces to

a?bPe 2< Z}Q %) (crepteics+3cyc,)
20 Lea (B +6) ea(80°+¢) e (307 + )} +<29) —0, (80)

and this is accordingly the equation giving points of bifurcation on the Jacobian
series of ellipsoids.
22. Two identities of importance are the following :

/11 ANdN_ (70 /1N 2
JA+JB+JC=J0 <K?LT3+@>7S"" -2L§X<K>d7\_abc, ... (81)
R L R T A N LN A AU
From equation (70)
Jy=n+ 9;,,,. C oo (89)
a
JB=n+%,. C e e (8
Jo=2 . (8)
c

so that on addition, by the use of (81),

1 1
... . . . . . (86
ab =2n +6< +75 > (86)
“giving 0, and hence J,, Jy, and Jg, in terms of @, b, ¢, and n. We further have
C(Tadh [T a’ b } @Iy =0y g7
To = |, 225~ ), {(a2~b2)AA TN o -
2T _ .2
Ac=%,...,.............(88)
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and I, is given by equation (80) as soon as the values of I,y and I,¢ are known.
Substituting for J,, Js, J¢, from equations (83) to (85), we obtain '

2

2} c 20
T = n, Lo = 5——n, Tan=— %{a2__02n-—&—2}. .. (89)

Finally we have

_[PAdh 1 (/L 1\ada_ 1 _
“a= Jo AABC — &-1° J-o <B C> AL T (F=DH (Ias—TIa0),

1
PR

(IAA"“IAC)> C3 = C‘;g‘i—"bz (IAB_'IAA)-

With this material it ought to be possible to find the points of bifurcation from
equation (80). As, however, DARWIN'S results are available, it will be sufficient to
make use of his results and merely verify that his quantities satisfy equation (80), as
they are in point of fact found to do.

23. DARWIN’S values, calculated for an ellipsoid such that abe = 1, are

o =1'885827, b= 0814975, ¢ = 0'650659,
(02
n=-“_ = 01419990,
2mp
whence, by equations (86) and (89),

1—
10 = e = 0°2068037
T,1.1
a? b? 02
Ty = 01419990,  T,o= 01611871,  1,, = 0°0711382,
¢, = 0°07967602, ¢y = 0°02874219, ¢, = 02450100.

With the use of these values, equations (76), (77) and (78) become

0°01216184a/+0°024501008' + 002874219y = 0. . . . . (90)
0'078503000/ +0°19702908" +0°07967602y =0. . . . . (91)
0°08622664’ +0°079676028 +0°38352174 =0. . . . . (92)

The values of &/, 8, 9/, are, of course, indeterminate to within a common multiplier.
The simplest set of values, obtained by cross multiplication of the coefficients -of
equations (90) and (91), is

o/ = —0'003710945, B = 0001148630 = ' = 0°000595338.
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If we substitute these values in equation (92), we find

0'0862266a’-+ 0079676028 +0°38352174/
= —0'00031998+0°00009111 4000022829 = —0° 0000005

The fact that the error occurs only in the seventh place of decimals adequately
verifies DARWIN'S calculations, but the tendency of small errors to accumulate in
computation is foreibly illustrated by the circumstance that in the above equation
the final error is as much as one-six-hundredth part of the whole value of the middle

term.
With the values just obtained for &/, 8, 4/, I find

La? (3a/+ B +4') n = —0°00094878,
107 (8 T+ Tan+v/ Tao) = —0°00094885,

verifying that equation (79) is satisfied, again as far as the sixth place of decimals.
24. With a view to subsequent computations, it is convenient to take a standard
set of values such that o' = —1. These values are found to be

o = —1, B = 0°3081810, v = 01604294,
and with these we have, by equation (65),
k= —%(3a'+B +4') = 0'506278.
These numerical values substituted in equation (64) will give the equation of
PorNcARr®'s pear-shaped figure as far as small terms of the first order.

The Pear-shaped Figure Calculated to the Second Order.

25. The question as to whether the pear-shaped figure is stable depends upon the
change effected by the distortion upon the angular momentum of the ellipsoid. But
(¢f. § 18) the first-order distortion so far considered can be easily seen to produce no
effect at all upon the angular momentum of the figure. Tt is therefore necessary to
proceed to terms of a higher order, and we now consider terms of the second order.

The first-order terms have been found to be given by

?,Llrzf(a§2+,(‘3n2*{~y§2+lc), Coe e e e 99)

with (¢f. equation (47)) », = —4Du,. The value of u, will be given by equation (48),
in which u, is to be assigned the value (93), and » will be taken to be given by

o = L+ Myt + N 42078+ 2mE e+ 2n 8™ +2 (p€+ g +78) +s. . . (94)

It has to be shown that this value for » makes it possible for the figure distorted
to the second order in this way to be a figure of equilibrium.


http://rsta.royalsocietypublishing.org/

1~
)

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

Py
A \

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE FIGURES OF EQUILIBRIUM OF ROTATING LIQUID MASSES. 55

It will be noticed that with the value we have assumed for o, the value of wu,
becomes a function of g s, ¢, of degree 4 involving only even powers of ¢ 4, {; its
value is

=16t 5 - ) (=) -]

(- L) Gagspieve e ra(g - F)geera( L - L) e
FLE Mo+ NE4 24 2 4 e +2 (pE+ g+ +s. . . (95)

The values of fw and of f“w' are easily seen to be similar in form, so that all the
second-order terms in ¢ are of this form (¢f. equation (50)). Multiplying by v (\) dx
and integrating from 0 to o, we obtain as the terms of the second order in the
potential an expression of the form

— 7 pabce” (epat + Cot + Cogtt + LY + Cot P+ e’ + A + dyf + dF - d).

If this figure can be a figure of equilibrium at all, it will be for a rotation differing
only by a second-order quantity from that of the original ellipsoid. Let us suppose
2

tha,t for 1t

e = = n+e’n” ; then at the boundary, as far as ¢
2mpa

~[Vy+do (@ +1/7)]
= mpabe {* (Jy—n—en") +y* (Jy—n—en") + 22T
+ € (Cp@* + Cosy* + Co?t + 1Y + CogyyP + e P’ + dy® 4 dgff + df? +
+ third-degree terms in ¢, the same as before}.. . . . . (96)

At the boundary,

¢ = euy+eu,

2 2 2
= ey + 1 <L +M‘Z8 +N ~+2l gjﬂ wfgﬁzzo 2—;+2q%+27~§+s>,‘(97_)

so that for the figure to be one of equilibrium, the right-hand member of equation (96)
must be identical with

2 x’ 22 K
wpahco 3‘ b" -1 +(,90<a_ +18 2()4 L+ 0?>
+ie? <L +Mzs +N 2l ?gﬂ o w}b/‘*

w2 y2 ‘z2
+2p54+2qb—4+270-4+s>}. . (98)
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Upon equating coefficients of the terms of degree 1 and 3in x, y, 2z, we obtain
exactly the same equations as were obtained before when the terms in ¢* were
omitted. Thus no alteration is produced in the cubic terms until the solution is

carried as far as ¢

The equations obtained by comparison of the coefficients of a*, i, and 2* are :—

1,4 e
Jy—n—en" +éd, = 6(52‘*'%20(%)’

and two similar equations. In these the termsin e® and the terms independent of e

must be equal separately. The latter terms again give equations (70), while the

terms in ¢’ give

0
dl'_‘n” - ’%‘_pi
0
Clz""n” = %?)%
or
d; = %‘CT;

(99)
(100)

(101)

- Finally, upon equating terms of the fourth degree, we obtain the six equations :

C_gfL._geM L, oN
11 4 P ’ 22 4 8 ’ 33 4 e
Con = 1 Gl . Cor = 1 om . Crn = 1 6n

— 2744 31 T 2 T 1 4 12 = 2 47
BTE e’ ctat’ 2 a'h

4

.. . (102) to (104)

.. . (105) to (107)

We have seen that equations (70) to (73) must still be true, so that a, b, ¢, «, 8, y, ¢

will be the same as before.

26. At present there are eleven quantities to be determined or eliminated, namely,
L, M, N, I, m,n, p, q, , s, and n”. The equations giving these quantities can be

simplified in the following way:.

By an argument already used in § 17, it appears that the terms in ¢® on the right

hand of equation (96) must be harmonic. Thus we must have
6¢y + Cpp+ i3 = 0.
6Cgq + Cog + €y = 0.
6¢s5 + €5 + €5 = 0.

d, +dy,+d; = 0.

(108)
(109)
(110)

(111)

These are, of course, not new equations to be satisfied ; they reduce to identities

when the calculated values are inserted for ¢y, ¢;s, &ec.
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With the help of (111), equations (99) to (101) may be replaced by

n = — 19(7°+bq4+ > S (112)
dl—d2=—;~9<£—gz>, R G O T )|
d3=—-5~9§, (119

%{i+£—?+g§=o,. N ¢ 5 1)
%+gz+%=0,. R ¢ 5 15)
%:T—rzl—ﬁg:o.; C o (1)
These three equations with equations (102) to (104), namely,
e=3 )
022=i—9—£§, C e e e (119)
033:%‘301\8—1, Co s (120)

may be used to replace the group (102) to (107).
27. We proceed to evaluate these quantities in detail. The values of v, and v, from
equation (47) are

U = a4+ B’ +yelP+eg, . . . . . . . . . (121)
_ B
v = 257\( 7t t O>’ o (122)

and the value of u, 1s already given by equation (95).

For convenience in computation we shall combine all the terms in u, which are
independent of X in the first two lines, with the similar terms in the last line; we
accordingly write

——2é”(a$2+/3:}2+~/§2+x)<3 +€2+ >

1 ,
— (Bag®+ By +y&+k) — 62’8 e — S EE
+Lgt+ Myt + N &+ 2078 + 2mPe? +2né2n2+2( Etqr+rf) +s

— L,€4+1V.[/174+NI§;4+2Z/172§2+Zm,§2$2+2nf W +2 (p/$2+qln2+7‘l§2) _I_S/

=o' (&m0 . . . . . . . .o (128)
VOL. CCXV.—A. I
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The value of u, 18 now given by

sy = 4 (350 B g e a )

1 ) 48422 25252
+K(3ag2+ﬁn2—|~A«/§2+,<)2+—%—’+4—V§-§—~;~w’(g, n&) .. (124)
whence, by equation (45),

A
4:’w - - jovzf’ ¢ u2 d?\

2.2 2 2 2 Q52
= »f'_af +‘B2(,§§..2+3i__>+y2<%§_\+_‘3.§_>

A2 AB ¢? AC
6¢” ?ﬂf) <G_E,2_ 3__§2> <_éii Eane
+ap( T+ as Jrer (Fot 0 JH A fot 2ot an)
_Lﬁ. @ @ v ' _1 /a2 /52 ’ 2 ’
| A<A+B+0>+2A(3Lg +m/ Py 4+ p')
+ K&+ K+ K+ K, - 0 . 0 0 o oL (125)
where the K’s are constants, to be chosen so as to make w vanish when A = 0.
The value of V% , . (4w) is derived from that of 4w by replacing ¢2, +*, {* by %, Biz, —(‘3—2

and omitting all other terms. Thus we have, again from equation (45),

A

' = — % j V2% ¢ (4w) dx

<

[150>, 88 3/ 8aB  3Bay By
1 oA oA T A T A%C T ABC
I/ UK K, K,

+Z§——A—2+Z§—G+K+‘§'+*C—+K5}; .. (126)

H =

in which K, is a new constant, chosen so as to make «’ vanish when X\ = 0.
On collecting terms, we obtain

4(w+fu) = PE+PL+PE+P,. . . . . .. (127)
where

2 2 2
P, = 24%%2 +1-g~—§—2 +1§& + 64 ﬁ% 16347 13 By

M'A
+¥ 5

3 I/

+33 5

FIKA ... L (128)
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B B B
B = 1355 408 g+ 23‘{3 + P+ 4T
UB M NB I ,wB
HE e G e g g
T .1 R £
2 2 2 '
p,=172C +§'«§§2 +3% 45 +%z’§g +3% %+1i£—”—é—
JLC WO N 7w C

+%¥ A2 +8 Bz + C 1%E+1%—A_+%~E

CK,

1 1
tip

+i

KRG . . . . L L L (130)

(Bl B Ly N P o
P4_,<< 2+AB+AO)+A+B+O+K4

- ol ? 3 3
_%< et o e AB§L>

/
l+£{—‘+K K+K>. .o ... (181)

g L/
<ZA‘+2BC BtC

If the value of ¢ is taken to be e, +e%p,, we have as the value of ¢,,

4y = duy+4f (w+fuw') |

+ 2 <A +%+(,)+2 <3°§ +[Z +°;§>+K
+ L+ My + NS4 205782+ 200/ 282+ 200/ €22 4+ 2 (9 €2 4+ ¢ P +97 ) + 8
+HAL+B/+CO-1) (P&2+ Py + PSP, .« . . . . . . (182)
and we have already sulz;posed (§25) that

a2

= e+ Cogly* + ey + €157°Y -+ 1527+ CoP + A’ + dy + A4 . (133)
I2
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Hence, by comparison, we obtain as the values of the coeflicients

_l”_d_x<15a2 2a8 | 2ay L/ P
011—4L A taptactmt AQ Co e (184)

022=ﬂ0%<1%+%{+%> L )
c%:%—j:-c-lﬁ‘<fé;+g£+%§> S oo (136)
cw=t] %5+ i oot Rt s A 07
e =4 :’ﬁ(}égﬂ%ﬂ Ai%yoﬁ 2?&”;0*503\) - (138)
B S e ) o
ol1=ﬂ:d—2{ <1§?+A2£3+A2C> 2 +§ %} ... (140)
dg=%j:d—2<%§§+?%+%~%g> (4
d3=%j:%<z’8’2+2_—°;+%—g~;> o (142)
e:if%gw_n).. L (143)

Fvaluation of Certawn Integrals.

28. It is ‘clear that before these coefficients can be evaluated, certain integrals
must be calculated of the types Jpes., Iapc.., where the notation is that of §21
(equation (67)).

The values of J,, Js, J¢ have already been evaluated in §23, as also of I, Iss,
T.cand I, Tase, Linee We also have ‘

L — b* J & J = nb?
= 75 Z -7 »Yo & T3
BOT 2t i ? b —c

.= 0°3916228.

These 10 integrals will form an adequate basis from which to calculate all the
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others. The required integrals can all be obtained by successive applications of
formulee of the following types, which can be verified without trouble :

(“2“52) Jap = Jp—J4; (“2"62) T = IB—'iA; &e.
3lps = 2J5—Ipc—Iun; a’ Jan = Ja—1I4, &e

2

abe . a® UA"BT Janc?

(2n+1) JAn+1 =

(27’L+ 1) IAn+1 =2 JAn—‘ A"B_IA”C°

A great number of the integrals can be calculated in two or more ways, and owing
to this circumstance it is possible to provide very complete checks on the accuracy of
calculation. Two complications are worthy of mention.

In the first place one must consider the ordinary cumulative error of all prolonged
computation. Since b? is nearly equal to ¢? any error present will be increased when

we evaluate a new quantity of the type%@; consequently where a quantity
can be evaluated in two ways, the one in which division by b®—¢® is not involved has
been taken to be the true value, and the one derived by division by b*—¢?, has been used
merely as a check, and has generally been found to differ in the sixth or seventh place
(or near the end of the computations even in the fifth place) from the other values.

Secondly, if the 10 integrals used as base were known with perfect accuracy, the
checks ought to be satisfied fully except for the error in the last one or two figures.
But, as has been indicated in § 28, the 10 integrals are not themselves perfectly self-
consistent, so that different methods of computation will lead to a difference of the
final results comparable with the errors in the basic integrals.

The following table gives the values I have selected as the best for the various
integrals required. I have not thought it necessary to record the checks or estimate
the probable errors here, as a much more searching test of the accuracy of the whole

computation can be provided at a later stage.

J = 1'8401326.
Ja = 02583003, Jp = 0;7647290, Jec = 09769708,
Jas = 0705262769, Jas = 0°1751040, Jac = 02293883,
JBB = 0'6516017, JBC - 0.8813026, JCC - 1.2044842,

JAAA - 0011873224, JAAB = 004234772, JAAC == 005641920,
Japs = 0°1647550, Janec = 02254075, Jace = 03112352,

JBBB = 06830283, JBBC - 0.9537991, JBCC = 1‘9011148, JCCC - 1‘901114:8,


http://rsta.royalsocietypublishing.org/

i \
I \

a4
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

62 MR. J. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAL BODIES, AND

JAAAA = 000281568, JAAAB == 001053694, JAAAO = 001421838,
JAABB - 004232384, JAABO - 0.05842981, 'JAACC = 008133328,

JABBB B 0'1791995, ’JABBC = 02518508, JABCO = 0'3563870,
JACCC = 05074646, JBBBB = 0788915, JBBBC = 1124336,
JBBCC = 1611794, JBCCC = 2321795, JCCCC = 3.36]221,

JAAAAA — 00006881964, JAAAAB = 0'002669728,“ JAAAAC = 0'003639559,

JAAABB = 00109907], JAAABC = 001528665, JAAACO = 0'02142202.

Jaames = 0°04732648, Jaanne = 0°06687764, Jaance = 0709532252,

JAACCC - 01360144, . JABBBB = 02108169, JABBBC = 03016727,

JABBCC’ = 04340725, JABCCC = 0.6273273, JACCCC == 0910874,
Ia= 09215282, Ip= 13322118, o= 14265252,

Isa = 0°0711382, Iag = 071419990, Lyo = 0°1611871,
Ipp = 0°3319454, Ipo = 0°8916228, Tec = 0°4670439,

IAAA = 0'01040244, IAAB = 0'02450100, IAAC = 0-02874219,
IABB = 006567633, ) IABC = 007967602, IA(}C - 009762467,

IBBB = 0'19794510, IBBC = 0'2478016, IBCC - 03131750, IOCC - 0'3996337,

Tasaa = 07001859707, Tsaas = 07004874751, Tsanc = 07005858759,

Taaps = 001423688, Taane = 0°01761100, Tasce = 0702198620,
Tapss = 0704573358, Iapse = 0°05813153, Tapce = 0707452920,
Tacce = 070963965, Ispes = 071590430, Tgnpe = 072070218,
Ispoc = 02714534, Iscce = 0°8590070, Tocce = 074811801,

Evaluation of the Coefficients ¢y, ¢, ... .

29. It will be noticed that the coeflicients ¢, ¢y, ... are linear in o, aB, ...,
L', M, N, ..., p, ¢, 7/, s so that the various contributions may be calculated
separately and independently.

Contributions from Terms i p/, ¢/, v/, §.

As regards the contributions from these coefficients, we may take (¢f. equations
(125) and (126))

K.=K,=K,=0; K,=-3£ K, =o,
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whence we obtain as the contributions to P, P, P, P, (¢f. equations (128) to (131),

R:R:P:m
_v.q _ <10’ q 1’_>
P, W B+O+K At BT 0/

It now appears that p/, ¢/, 7/, s’ contribute nothing to the values of ¢, ¢y, ..., s
(¢f. equations (184) to (139), p. 60.) Their contributions to 4d,, 4d,, and 4d, are as

follows :
f=[ D
o A
d

fi@zﬂimﬁL_ﬁr
| Ja )
so that the contributions are

4d, -Zp’JgA——ZLIAA

>4

I
o
LIsp— = s,

bz

4d, = 2¢" Jpp— % Tas— ?2IBB IBG,

/ /
d_27Jm——lw b; %h@
Since this part of the potential should be harmonic, we ought to have d,+d,+d; = 0
(¢f. equation (111)). This is clearly the case, in virtue of the identity
20° Jan = Lia+Las+1ao
I have verified that these identities are satisfied by the values in the table opposite,
and the contributions are found to be

/
4d, = 030318670 —0'141999 2—0‘1611871’012

b
P ol
4d, = ~0'141999 Ly 10 533622[)2 0391623 5,
dd, = —0° ]61187£ 0’ 39162322+O 552810

Contributions from Terms wn L', M/, N, I/, m/, n/.

30. As regards these terms, we may take (¢f. equations (125) and (126))
K, = <3L W +m>

b2

' n 8M U
K,=- <;;2+“z7+‘2>

m' U 3N’
K=~ (it )
K, =0,

9~ L/ ~ Z, - K ERESN L/ o l,
Ky= — 43522 = 2 ot Dy
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and the contributions to P,, P,, P, P,, are found to be (¢f. equations (128) to (131)),
A N
Po= - 183 2 o)

/ ’ g
P = — (Q‘+MV+M> —AP,

\@2A_ 20 Z)ZB,

_ Ux  8M/\ | /N
P, ‘<@+NB+%Q BI,
. N m’>\ SN/
P, = — <mB it 0) —CP,.

We find as the contribution to d,, (equation (140), p. 60) _
d\/P, P, j dXx {2P BL/A m/N >\>}
4%J0<AAJ AU wles o) e
from which it is easily verified that d,+d,+d; = 0, as it ought to be.
In virtue of this relation it is only necessary to evaluate two of the contributions
4d,, 4d,, 4d,, but I have calculated all three directly from the table on p. 61, so as to

obtain a check on the amount of error involved from the causes mentioned in §28, as
well as a check on the accuracy of my own computations. The values I find are

4d, = 0'85375 »L_l 0°073783 1}{/ 0'089893 E’
7
—0°054134 —— a0 072732 = g 4+ 0059701 —2172,

4d, = —0 0411491—‘ + 0244072 1}){, 0'194266 E

+ 0051969 (f/z 0 054134 e — 0005568 — W
Ady = —0044227 L — 0170277 IZ‘E/ +0°284157 E

+0°003091 627,2 0" 018600 A —0°054134 26/2

From these figures the value of d,+d,+d, would be given by
A(dy+dy+dy) = =0 000001 i L +0°000012 1‘%’ — 0000002 %
+0°000026 bf/z 0°000002 m — 07000001 26’2

This check gives an idea of the amount of error involved. Tt illustrates the tendency
of the errors to accumulate in terms where 0’s and ¢’s are plentiful, and to be absent
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where a’s are present. This is a consequence of the method of procedure explained
in §28.
In calculating the contributions to ¢y, ¢, ..., I have (unwisely) taken the variables

to be L/, M/, ..., instead of L W

at bt

In virtue of relations (108) to (110), only three

contributions need have been calculated, but I have calculated five out of the six quite
independently, so as to have two independent checks on the computations.
For the contribution to ¢, I find

“dx /L | P
ten= | L5+

2 3 3
=1/ (J AAAA — §c%2 Taana + 3t IAAA> +M <~87)—4 Taap— é% IAABB>

+ N <§%4 Tano— é%a IAACC> + <4—blgc—3 Tane = Zlgg IAABC>
+ m, <Z’(;%Ez IA.AA - 4—:};&3 IAAAC - ;15 IA‘AAC> + n/ <Z‘(;]‘~27)§ I‘AAB'— Z%z IAAAB> °
The other five contributions can be similarly written down. It then can be verified
algebraically that the three relations (108) to (110)are satisfied ; this provides a check
on the method and the algebra, but it hardly seems worth exhibiting it here, as the
numerical checks to be given later provide simultaneously checks on the method, the
algebra, and the computations. By independent computations I find for the contribu-
tions to ¢y, Cy, Ca, Cis, €13, the following :
4ey; = 0°0018592331L +0°01278935M' +0°040661 56N’
+0°015154720'—0°01251121m'—0'006581149%’
4cy = 0'000446082L’+0'1490178Ml+0'2780161N’
—0'39098311+0°00681885m’'— 0009128507/
4eg = 0°000576222L/ +0°1129554M +0°385800N
—0'8972187/'—001767165m’+ 0005093367
4ey, = —0°003687295L—0'1465540M' +0°2018742N’
—0°06428841 —0°08593784m’ + 0062394057/
4¢3 = —0°004468110L'+0°0698178M’—0°4453485N’

—0°02663960/+0°11100470m' —0°02290710%/’.
From these

4 (6¢y+Cia+c33) = —0°000000007L 00000001 M’ +0°0000000N
—0°0000008/—0°00000047m + 0000000007/,
I have not calculated c,, independently, but a check is provided by the comparison of

the values of ¢,; deduced from the above figures by the use of equations (109) and (110)
VOL. CCXV.—A. K
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66 MR. J‘. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAL BODIES, AND
separately. For these values I find the following, the upper value being that derived
from equation (109):
4deys= 000101080 L’*0'747552 Ml~1'86947 N
0°00101078 0747550 1°86946

2°40989 0°0049753 00076531
+ U— m — 7.
2°40992 00049754 00076515

Contribution from terms in o, af, ..., dc.

81. For the computation of these contributions it is convenient to take the standard
set of value obtained in § 24, namely

W =2 =_1, g=85-03081810, o =2%=01604294,
o b ¢
€= —1 (32 +8+y) = 0°506278.

These give the values

a = —3'556343, B = 02046890, v = 006791892,
ol = 12647573, B’ = 00418976, ? = 0'004612981,
a3 = —0'7279442, ay = —0'2415430, By = 0°01390225.
Then, as regards the terms in &’ af, ..., &ec., including «, we find (¢f. equations
(125) and (126))
o LB ? 6o 6o
K, = —<~25—&7‘+ 2 +%%‘1+OL21§ a2cz+318%2>
38 8 2 b
K, = _<W+ LF“F (%) =— —f (3¢/+38'+v)
3y" 3 ?
K, = —<2—ch+ & +%-2> = =77 (8¢'+5'+3/)
3o 5
Ke=-ald by
2 SV 3 K, K, K
Ro=— (S g far g 2 By By B T K

iving on substitution of numerical values, as regards terms in o«f, a8, ... onl
» g 3 »

K, = —19'91885, K,= 01102214, K, = 004221664,
K, = 0'3603665, K, = 3'556845.
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The values of P,, P,, P,, P, originating from these terms are

Po_ 1o 128 1Y 3B | ga ay ;/37}
A3_A3{248A2+1?B2+1802+6"“AB+64K—0+14—B—(7
+—Al—2 17};% +z{~% +;{~%i‘ +1K,

N 2 2 2 8
%}:1&—105{1%%+—%§2+3—3%2+%Aﬁ—+37;%+1%]—§l}
1K, K, K
o TES e NSRS
_ (8 B . v \.w _1fis® . 38 3y" | 3aB | 3ay Bv)
P4_K<A" tapt AC> K, 4<2 A T oA TeACe T ATB T AC T ABC

1 have evaluated independently the three contributions to d,, d, d, and find for
them
4d, = 150 ypp + 3B gan+ 8yrd sac+ K ‘
— (2610 sann +248° aamn+ 24y saco+ 7508 aasn+ TEayd saac+ 138y sano)
— (3K T+ 3K p+ 3K so + 3K J4),

and there are corresponding values for the contributions to 4d, and 4d, The
numerical values found by independent computations are

id, = 0032398,  4d, = —0°011175,  4d, = —0°021223.

As a check on the computations, the sum of these contributions ought to be zero;

we find
4(d,+d,+ds) = 0°000000.

The six contributions to ¢y, ¢;s, ... have also all been calculated separately. The
values obtained are

dey = 0°0722711,  dey = 0°0271162,  dey, = 0°0274693,
dey, = —0°215756, 4oy = —0'217869, 4oy = 0°053056,

as regards the checks which ought to be satisfied by these values, I find

6cpy+eiptci3 = 0000002, 6egp+cip+cy; = —0°000003, 6e33+Cia+ o3 = +0°000003.
K 2
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Formation and Solution of the Equation.
32. We proceed to form and solve the final equations. It is convenient to deal
with the equations in ¢y, ¢y ... first.
By comparison of coeflicients in equation (123), we obtain

L= L’+————10mx =1/ +5001206. . . . . . (144)
M:M’+§; = M+ 001178109 . . . . (145)
N = N’+§§ = N'+ 0'001297113 R (146)
=10+ i” =l”+ 0°003909145 . . . . (147)
m-—m+3;7+2y2 by =m'— 0'3538936. . . . . (148)
n=mn 3“B+-2—6-—5,8 =n — 10060520 . . . . . (149)
p=p’+%‘—‘§—5@ =p - 2:800420 . . . . . (150)
q=g’+%§- =q + 002913935 . . . . (151)
r=¢’+§ =7 4 0009668880 . . . . (152)
s:s’+§2 | =s + 007207330 . . . . (153)

'These coefficients can be checked by comparing the sums of the coefficients in the
two values of « (equation (123)); 4.e., taking £ = 5 = {* = 1. For the difference of
the sums which ought to vanish, I find 41°86192—41'86191 = 0°00001. Using the
values just obtained,

L= 0002585675L'+01293149,

SRS

M = 2'125367TM’'+0°02503914,

S

EQS N =12'87541N’+0°01670087.

Collecting the various contributions to ¢y, s, ¢, equations (102) to (104) now
becoa.me '
0°0025856751./4+0'1293149
= 00013592331/ +0°01278935M’+0'04066156N’ ‘
+0°015154720'—0°01251121m' —0°006581149%"+0°0722711,
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2'125367M'+0°02503914
= 0'000446082L/+0'1490178M’+0‘2780161N/
—0'89093310+0°00681885m —0°00912350%'+ 00271162,
12°87541N"+0°01670087
= 0'0005762221/+0'1129554M’+0'385800N"
—0'3972137Z/——0'01767165771,’&0'005093367’L/+0'0274693, )
while equations (115) to (117) give '
L/ = —23'52190m'—9'55672n/— 3207326,
M = — 0°8204818/'—0'011626497'—0°00329142,
N' = — 01854801/ —0'00472373m’—0°000154830.
The solution of this set of six equation is
I/ = —6172711, M = —0'01761618, N’ = —0°002105706,
I!'=— 0006053622, m' = 405865530, n = +1°659250. (154)
No check is needed on the accuracy of these values beyond the fact that they
satisfy the equations. On substituting directly into the equations, I find that they
are all satisfied accurately to the last place of decimals.
The corresponding values of L, M, N, /, m, n (see opposite page) are
L= —1171505. M = —0'00583504, N = —0°000808592,
[ = — 0002144477, m = 02326594, n= 0653198,. . (155)
and the values of ¢y, ¢y, ..., caleulated directly from equations (102) to (107) are

doy = —003029182,  4ey = —001240160,  dey = —0°010410956,
20, = —001121809, 2, = 004245102,  2c, = 004842301 . (156)
These ought to satisfy the checks afforded by equations (108) to (110). In point
of fact, I find
6cy+ceptcez = 4000000007, 6Cys -+ Coy+ ¢y = +0°00000012,
6Ca+ i+ gy = -+0°00000006.

33. The first use which must be made of these numbers is to determine the
contributions to d,, d,, d;, evaluated on p. 64. We have by separate computation,

L/ M/ N/ ’ :

0°085375 =—0"073783--—0'089893— —... =-—0'3412367,
ot bt ¢t
LI
—0°041149 ;4— =+4+0'1672652,
L/
— 0044227 5., =+01739738,
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Hence collecting all contributions to 4d,, 4d,, 4d,, we obtain as their total values

7
id, = O 303186p —0°141999 2)—2—0-161187 %—0'308839,

/
dd, = —0 1419991’24-0 533622 L —0'391623 7012+0'156090,

bZ

’
4d, = —0'161187%—0’391623 g2+o 552810 2+0 152751,

From the values already obtained for p, g, 7, we can transform equations (112) to
(114) into the following :—

—4n” =6 70 '+ 4 + =0 11630131" 106227300 % +0°9769708 ——o 0419475,
b4 bZ
4<dl-—d2> - 29<§4—b%> =0'2326027 ——1 2454600 L, F2— 02378029,

/
ad, = 29%L =19539416 7012+ 0'04462528.

On substituting the values of 4d,, 4d,, and 4d;, these reduce to

0°212582 p3+0 569839 L +O 230436 = 0'227126,

bZ

0°161187 1" ,+0'891623 Zz—l—l 401132 = 0°108126,

0'116301 p L+0°622730 ‘blz+o 976971 T = 0'0419475—4n".

The solution of these equations is found to be

%:1'428257+32‘04689n”. R ¢ F:14)
4
%2 = —0111620—11797935n" . (158)
/
qc%=-O"0559390—O'3891163n” C oL (159)

and this solution has been verified by direct insertion into all the equations.
34. This completes the solution of all the equations, and the determination of all
the coeflicients except s'.
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On collecting the values of K, K,, K;, K,, K, from pp. 62, 63, and 66, and inserting
the numerical values already obtained, we find

3L/ m
K, = < ; +b2+ >—19'91885 = 28°26823,
’ !
K, = <n +3£§ +l>+0'1102214 = —0'2624728,

A
4 3N>+o 04221664 = — 00986790,

K, = — g—z—%—z 2-12 +0°3603665 = —0°900332— 19859847,

’ ' ’
K, =33 1ax. 0 556845 = 2770998,

To evaluate s’ we have to examine the form assumed by the potential at infinity.
The additional terms in the potential, as far as terms in %, produced by the distortion
are readily found to be

—mpahe = (s —3K,+&K,),

and if dm is the additional mass produced by the distortion, this must be identical

with 877? . Hence, if s’ 1s determined by the condition of constancy of mass, we have
s’ = 3K, —&K, = —0'230755—13"239893 "/
giving (cf. equation (153)),

s = —0'1586814—18'239898 "

Duscussion of the Figure.

85. The boundary of the pear-shaped figure, as far as the second order of small
quantities has been found to be

b2
2 N 2,2 2 2 %
41 2(Lac My* Nzt | 2ly%° 2mzx+2nwy+2pm 429y +2rz+8>: 0

+y +———1—|—ew< ri8-Z, %{;er 24+a>

et + . (160)

6404 C4a4 a4b4 a4 b4 04

In this equation all the coefficients have been determined ; the coefficients p, q,rand

2

s have been found to involve n”, defined in § 25 by the equation 5“1— = n+éen”, while
T

the remainder are pure numbers.


http://rsta.royalsocietypublishing.org/

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

SOCIETY

I\

OF

A

A
A

Y
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

OF

Downloaded from rsta.royalsocietypublishing.org

72 MR. J. H. JEANS ON THE POTENTIAL OF ELLIPSOIDAIL BODIES, AND

Let us put
P = py+pn’

and similarly for ¢, », and s, and let us put ¢n” = {; then the equation may be put in
the form

i/

Z)2

Ql&
‘>|«\\

2
1‘{‘67) (a_’*ﬂ 2b4+7 2 L+K>

a

-+

Lt Myt N2t 2% 2ma*®  2na’y 2 2
b < b Y v ly's  2mac® 2nry+2pi% +2q01/ 2’ +SU>

b be it ot s a Ht ot
2m.a2 2 2r 22
+%§< ff; %f/ p +sl> =0.. . . . . . ... . . (61)

For any values whatever of ¢ and ¢, provided only that they are sufficiently small,
equation (161) will give a figure of eqﬁilibrium. If we put ¢ = 0, but retain ¢, the
equation becomes

.
x 1¢P % 4
g§<\1+2§5§> <1+ L“) <1+1§ 1> — 86,
which is an ellipsoid of semi-axes o/, ¥/, ¢/, given by

12 ] / p 1 \ b/2

— = lﬁ"‘l§<**]“'“f78
2 2 \Ctz 2 1/: bz

QIR

/ C » :
= 1+3§(q_2" %81>, — = ]_}_%§<_;+%81>’

or, numerically,

/2

12
= 1+12 '7134'7§, b = 1—9'20894¢, %5 = 1-—-3'50453¢.

a//2

a’

It is at once clear that as { varies this ellipsoid coincides with the various Jacobian
ellipsoids near to the standard ellipsoid.

If we put ¢ = 0 but retain e in equation (161) we obtain equation (160) with
7’ = 0; t.c. we obtain a series of figures of equilibrium all having the same angular
velocity as the standard Jacobian ellipsoid from which they are derived.

The two series of figures obtained by putting ¢ = 0 and ¢ = 0 in equation (161)
may be represented by the two intersecting straight lines POP’, QOQ in fig. 1, the
point of bifurcation being of course represented by the point O. The general figure ot
equilibrium represented in equation (161) is, however, arrived at by assigning values
to both e and ¢ these values being limited by the condition only that e and ¢ shall be
so small that ¢* and ¢ shall be negligible. Thus the figures of equilibrium given by
equation (161) are represented by all the points inside a certain rectangle ABCD
surrounding the point O. They do not fall into two linear series, as it seems to be
tacitly assumed by DArwiN and PoiNcars that they will do.

36. The circumstance that the two linear series lose their identity and become merged
indistinguishably into a general area seems to be predicted as a direct consequence of
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PomncARE'S general analysis, coupled with the linearity of the equations (VW = —47p,
&c.) which lead to figures of equilibrium. For the vanishing of the Hessian (A = 0 in
the notation of PoINcARE *) which expresses the condition that a point of bifurcation
should exist, expresses also the condition that the two linear series should be merged
with an area of linear series as they approach the point of bifurcation.t

There is, of course, no question that in the neighbourhood of the point O two linear
series do actually exist, such as may be represented by the lines POP/, ROR/ in
fig. 1; this is abundantly proved by PoINcARE'S general argument. What is now
maintained is that an expansion as far as ¢* only, does not suffice to reveal the

Jacobian Eilipsoids
(unstable)

pl
R A

B A E=0

o
7

o3
4

A D

/N

Jacobian Ellipsoids
(stable)

p
Fig. 1.

directions in which these linear series start out from the point of bifurcation. So
Jlong as our vision is limited to the interior of the rectangle ABCD in fig. 1, we can
know nothing of the direction in which the line OR starts out from O. And the
whole difficulty is merely one introduced by the artificial method of expansion in
powers of a parameter ; as soon as this artificial method is abandoned the rectangle
ABCD shrinks to an infinitesimal size, and the curves POP’and ROR’ become merely
two lines intersecting in the point O without any complications. An exactly

* «Sur lequilibre d’une masse fluide animée d’'un mouvement de rotation,” ¢ Acta Math.,” VIL, p. 259.
T Cf. footnote to p. 74.
1 Loc. cit., § 2.

VOL. CCXV.—A. L
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analogous situation arises in considering the directions in which lines of force start out
from a point of equilibrium in an electrostatic field.*

37. A more interesting illustration of the difficulty will be found in an 1nvest1gat10n
of the figures of equilibrium of rotating liquid cylinders which I published in 1902.7
In this paper the equation of the cross-section of a figure of equilibrium corresponding
to a rotation o is supposed to be expressed in the form}

£= <1———2¥>(5§0+519+§292+§363+ Do ... (162)

where &, &, &, & ... are functions of 5; & 5 are complex co-ordinates given by

&= x+1y, » = x—1y, and x, y are ordinary Cartesian co-ordinates measured from the

axis of rotation. The quantity 6 is a parameter, analogous to the ¢ of the present

paper, measuring distance from the point of bifurcation at which the pear-shaped figure
2

and the elliptic cylinder coalesce. At this point of bifurcation, 1— 2—“’« = &, 80 that

™™
£ = &, of which the value is shown to be

& = /(3 —10a°).

* If V is the potential of an electrostatic field, the equation of a line of force will be

oV v oV
or  dy oz .

where I, m, n are direction-cosines. Two lines of force will meet in a point of equilibrium (just as two
linear series meet in a point of bifurcation), and the condition for this is

v _ev _av i
é;:zéy—:éz—:o'(u)

Let g, 90, 7 be a point of equilibrium satisfying (il.), then, if ¢ is a small quantity of the first-order, the
point
Zo+ e, Yo+ pe, Z+ve
will, as e varies from zero upwards, trace out a line passing through u, #, %. The condition that this
shall be a line of force is, as far as first powers of ¢,

V. oV oV
)\z_,u-——v’

and this is satisfied (analytically) because of equations (ii.) for all values of A, p, v. . Thus, as far as first
powers of e, there are as many lines of force through the point of equilibrium as there are values of
A, py v; an infinite number. But on going as far as ¢%, it becomes clear that there are only two true lines
of force through this point. The condition that a point of equilibrium shall exist is also the condition
that, if the approximations are not carried far enough, there shall be the confusion of an infinite number
of lines appearing to satisfy the condition for a line of force, and the analogous statement is true for
points of bifurcation and linear series of figures of equilibrium.

T “On the Equilibrium of Rotating Liquid Cylinders,” ¢ Phil. Trans.,” A, 200, p. 67.

1 Loc. cit., equation (71), p. 86.
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The calculation of & presents no difficulty, and equation (162) as far as & only is
shown to be the equation of a pear-shaped figure. On calculating ¢, its value is found
to be of the form (¢f. § 22 of the “ Cylinders” paper),

E=TT TR T 25" 81

180 , 2825 4375 *3+...+82<;§ 12?4 "3+...>

where J, is analogous to the n” of the present paper; to be exact the rotation for any
value of 6 is supposed given by
1-— o B 40,074+ 0,08 +....
2mp
Again, then, as far as 6” there is a doubly-infinite series of figures of equilibrium, not
two singly-infinite series.

In this earlier and simpler investigation, it was an easy matter to carry the
computations to the third, fourth, and fifth orders of small quantities. It was found
that the equations giving & for a figure of equilibrium could not be satisfied so long
as J, was kept indeterminate, they could only be satisfied for one special value of d,,
8625
448~
possible to investigate the stability, and the pear-shaped cylinder was found in point
of fact to be stable. What is important in connection with the present paper is that
it was not possible to determine the stability of the pear until after its figure had been
determined to the third order of small quantities.™

88. The work of PoiNcarE can hardly be compared in detail with the investiga-
tion of the present paper, because PoINCARE tacitly assumes the whole point at
issue ; namely, that it is possible to determine the beginning of the pear-shaped series
from an investigation of figures of equilibrium going only as far as second-order
terms. The work of DArRwIN admits of detailed comparison, because DARWIN'S
work claims actually to have effected the determination which I am compelled to
believe, after my investigation, to be impossible.

It will be clear that any extra condition in addition to the conditions that the
figure should be one of equilibrium will provide an additional equation which will
reduce the doubly-infinite series inside the rectangle ABCD down to a singly-infinite
series represented by a straight line. For instance, the condition that the angular
velocity shall remain constant would reduce the rectangle to the straight line QOQ';
the condition that the angular momentum should remain constant would reduce it to

namely J, = — After having determined the value of J, in this way, it was

* The previous investigation on cylinders and the present one on three-dimensional bodies follow
widely different methods ; the present paper is in no sense a translation of the former from two into three
dimensions. The two papers were written at an interval of twelve years, and I had hardly referred to the
former paper in writing the present one until after I had encountered the difficulty of not being able to
determine the stability from the second-order figure; I then discovered that precisely the same situation
had arisen in my former investigation.

L 2
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some curve at present undetermined. Hence, if the present paper is sound, we
should anticipate that DARWIN obtained a linear series instead of a rectangle of
configurations by the introduction of some adventitious condition not necessary to
equilibrium.

39. DARWIN supposes his pear defined as far as the second order by the equation

r=c—eS,—2 £S5, . . . . . . . . (168)
1

where T gives a measure of the surface displacement, e is a parameter analogous to
our e (although not numerically the same), and the quantities f;* are coefficients which
must vary as we pass along the linear series, but are constants, as is also e, for any
single figure of equilibrium. The quantities S,, Sfare ellipsoidal harmonics. DARWIN
supposes e to be a small quantity of the first order, and the coeflicients f; to be small
quantities of the second order. The energy E of the distorted ellipsoid will differ
from that of the original ellipsoid from which the displacement = is measured by a
small quantity JE which will involve e, f7 and do”, where do’ is the increase in the
value of o” for the distorted figure.
The first order displacement of the ellipsoid will be represented by the first terms

r=c—eS, . . . . . . . . . . (164)

of equation (168), and this is supposed to be a possible figure of equilibrium with
do* = 0. The corresponding value of JE will be of the form

E=w, . . . . . . . . . . (165)

and the coefficient o must therefore vanish if the original ellipsoid was one
corresponding to a point of bifurcation.

If we do not at present assume that a = 0, the value of JE arising from the second-
order displacement (168) will be of the form

2
OB = ad® + Bt e f+ 0F *+ 23—“’ (atbe+fe) . . . . . (166)

™p
in which a single term in f has been taken as being typical of all the terms in the
coeflicients f;.  The condition that the displacement (168) together with an increase

do’ In »° shall give rise to a figure of equilibrium is that E shall be stationary for all
variations of e and f; it is expressed by the equations

%(3]2):0, %(SE):O, (f=/i &e.). . . . . (167)

“Expression (166) is the same in form as that given by Darwin (‘Coll. Works,’
vol. 4, p. 849), except that he omits the term ac® from JF; and equations (167) are
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the same in form as those from which DARWIN obtains the conditions of equilibrium:

The equation 2 (0E) = 0, written out in full, becomes

de
dw®
—=0. . . . . . . .. (168)

a+2B6*+yf+b =
2mp

If second-order terms are neglected equation (168) reduces to
a=0, . . . . ... (169)
and if « is taken equal to zero, equation (168) reduces to

2
2,862+yf+bé‘i=0.. Ce e e e (170)
27p

DArwIN’S method is in effect to replace equation (168) by equations (169) and (170).
This, in my opinion, introduces one limitation too many on the values of the variables,
and so reduces the doubly-infinite series of figures of the second order to two singly-
infinite series. Equation (169) must undoubtedly be true if second-order terms. are
neglected, but we may take

2
o =2, 2,862+yf—{—b§—a)—== e N 4 )
Ly

where X is a quantity of the second order entirely at our disposal, and still satisfy all
the conditions necessary for equilibrium. I think it will be found that DarwiNs
procedure in effect introduces the spurious condition A = 0. DARWIN'S equations are
of course suffictent to ensure equilibrium ; what is maintained is that they are not
necessary and so do not disclose all possible figures of equilibrium.

In this way I believe it will be found that DARWIN has limited himself to one linear
series of figures (A = 0) instead of the doubly-infinite series represented inside the
rectangle ABCD in fig. 1. If this series should happen to run on continuously at
the edge of the rectangle with the true series ROR' in fig. 1, then of course DARWINS
investigation would stand. But no reason suggests itself, and certainly DARWIN
(not foreseeing the complication of the doubly-infinite series) gives no reason, why this
should be the case. For some value of A the two series will run on continuously, but
there is no assignable reason why this value should be A = 0.

‘What, then, will happen if we try to carry DARWIN’S approximation on to third-
order terms by his method ? I think it will be found that his series comes to a dead
end before the third-order terms are arrived at, precisely as if it ran on to the
boundary of the rectangle ABCD in fig. 1, and could get no further. If the displace-
ment goes as far as third-order terms, JE-must go as far as sixth-order terms, and
will contain terms of orders 2, 4, and 6, say

OE = 0E, + 0B, +JE,.
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The equations necessary for equilibrium are

2
of

while the equations provided by DArRWIN'S methods would be

8—%(8E2+3E4+8E6) =0, (OB, +0E438,) =0,  (f=/f5&a), (172)

0 0
fo‘\“e(‘;Ez) =0, é}v((;Ez) =0,
p) o)
é;(SE‘l) = Q, g}(&ED == 0,
0 0
%(BEb) = 0, @((}EG) = 0,

and it will readily be seen that there are more equations than can be satisfied by the
variables at our disposal. The conclusions of this section ave put forward with the
utmost diffidence, but to the present writer they seem inevitable.

40.- Assuming that no glaring error has been made, the present investigation seems
to indicate that so far the knowledge we have as to the stability of the pear-shaped
figure amounts to absolutely nothing. The required knowledge can only be obtained
by carrying the figure of the pear to a still higher approximation. In the parallel
investigation on cylinders it was found that the stability could be examined as soon
as the figure was determined as far as third-order terms, and doubtless the same will
prove to be the case in the present problem. Fortunately the method of the present
paper is one which lends itself to indefinite extension, limited only by labour of
computation, so that it ought to be possible to proceed to third-order terms and
determine the stability of the pear, and if the pear then proves to be stable, to pro-
ceed to higher orders and so examine the series of pear-shaped forms. In the previous
investigation on cylindrical figures it was found that an expansion as far as fifth-order
terms gave a good approximation to the pear-shaped figure up to a stage where it
was obviously just about to divide into two separate masses. It is only in the hope
that I shall be able to carry the present investigation further, that I have ventured
to put forward the present somewhat lengthy piece of work which has so far led
only to such negative and disappointing conclusions.
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